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Abstract. We relate two measures of complexity of regular languages. 
The first is syntactic complexity of a regular language, that is, the car- 
dinality of the syntactic semigroup of the language. That semigroup is 
isomorphic to the semigroup of transformations of the set of states per- 
formed by non-empty words in the minimal deterministic finite automa- 
ton accepting the language. If the language has n left quotients (its min- 
imal automaton has n states), then its syntactic complexity is n" in the 
worst case. The second measure consists of the quotient (state) complex- 
ities of the atoms of the language, where atoms are non-empty intersec- 
tions of complemented and uncomplemented quotients. In the worst case, 
a regular language has 2" atoms. The maximal quotient complexity of 
any atom with r complemented quotients is 2" — 1 if r = or r = n, and 
1 + Sfc=i Shifc+i C^h'C^k otherwise, where Cj is the binomial coefficient. 
We prove that if a language has maximal syntactic complexity, it also 
has maximal quotient complexities of atoms, but the converse is false. 
We also show that maximal atom complexities imply maximal quotient 
(state) complexity of reversal (which is 2"), but the converse is false. 

Keywords: atom, finite automaton, quotient complexity, regular lan- 
guage, reversal, semigroup, state complexity, syntactic complexity 



1 Introduction 

In recent years much of the theory of the so-caUed descriptional complexity of 
regular languages has been concerned with state complexity. The state complex- 
ity of a regular language [17j is the number of states in the minimal complete 
deterministic finite automaton (DFA) recognizing the language. An equivalent 
notion is quotient complexity, [T] which is the number of left quotients of the 
language, where the left quotient (or simply quotient) of a language L C S* by 
a word w G S* is w~^L = {x \ wx G L}. The (state/quotient) complexity of 
an operation on regular languages is the maximal complexity of the language 
resulting from the operation as a function of the complexities of the arguments. 



This work was supported by the Natural Sciences and Engineering Research Council 
of Canada under grant No. OGP0000871. 



The operations considered may be basic, for example, union, star or product 
(concatenation), or combined, for example, star of union or reversal of prod- 
uct. Basic operations were first studied by Maslov [5] in 1970, and later by Yu, 
Zhuang and K. Salomaa |16] in 1994. Combined operations were first considered 
by A. Salomaa, K. Salomaa and Yu [13] in 2007. See also the 2012 paper on this 
topic by Brzozowski [5] and the references in that paper. 

It has been suggested in [5] by Brzozowski and Ye that syntactic complexity 
can be a useful measure of complexity. It has its roots in the Myhill congru- 
ence [TT] defined by a language L C 17* as follows: For x,y U*, 

X ~L V if and only if uxv E L <^ uyv G L for all u,v £ S* . 

The syntactic semigroup |10ll2j of L is the quotient semigroup / ssl. It is iso- 
morphic to the semigroup of transformations of states (also called the transition 
semigroup) by non-empty words in the minimal DFA of L jlOj . The semigroup of 
transformations is normally used to represent the syntactic semigroup. Syntactic 
complexity is the cardinality of the syntactic semigroup. Syntactic complexity 
may be able to differentiate between two regular languages with the same quo- 
tient complexity. For example [6], a language with three quotients may have 
syntactic complexity as low as 3 or as high as 27. 

Atoms of regular languages were introduced in 2011 [21 and their quotient 
complexities were studied in 2012 [3]. Atoms also play an important role in the 
minimization of nondeterministic finite automata [5]. An aioTrfl of a regular 
language L with quotients Kq, . . . , Kn-i is a non-empty intersection of the form 

A'o n • • • n A'„-i, where Ki is either Ki or Ki, and Ki ~ S* \ Ki. Thus the 
number of atoms is bounded from above by 2", and it was proved in (4| that this 
bound is tight. Since every quotient of L (including L itself) and every quotient 
of every atom of L is a union of atoms, the atoms of L are its basic building 
blocks. It was proved in [4] that the quotient complexity of the atoms with or 
n complemented quotients is bounded from above by 2" — 1, and that of any 
atom with r complemented quotients, where l<r<n — 1, by 

r n—r-\-k 

/(n,r) = l + ^ ^ CJi-Ct (1) 

fe=l /i=A:+l 

where C] is the binomial coefficient. These bounds are tight [4]. When we say 
that a language has maximal quotient complexity of atoms we mean that (a) it 
has all 2" atoms, and (b) they all reach their maximal bounds, as stated above. 

It was argued in [5] that it is useful to consider several measures of complexity 
of regular languages, including syntactic complexity and atom complexity, along 
with the more traditional measures such as the state complexity of operations. If 
one does consider several measures, the question arises whether these measures 
are related. There is only one such result. The following theorem, restated for 
our purposes, was shown in 2004 by A. Salomaa, Wood, and Yu [Tl] : 

^ The definition of [3, has been slightly modified in [4]. The newer model, which 
admits up to 2" atoms, is used here. 
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Fig. 1. The DFA of a language meeting the bound 2" for reversal. 



Theorem 1 (Syntactic Semigroup and Reversal). Maximal syntactic com- 
plexity of a regular language implies maximal quotient complexity of its reversal. 

In other words, if L has syntactic complexity n", then the quotient complexity 
of i^, the reverse of i, is necessarily 2". 

It is known that the converse is false. It was shown by Jiraskova and Sebej 
that the DFA of Fig. [T] with n>2 meets the upper bound for reversal [B] . (For 
n = 2, input a transposes states and 1 and b is as shown; for n = 3, state 
2 goes to itself under 6; for n = 4, state 3 goes to itself under a.) However, it 
was proved by Eilenberg [15] in 1935 that at least three inputs are required to 
generate all n" transformations. Thus the cardinality of the syntactic semigroup 
of the language of the DFA of Fig. [1] is strictly smaller than n". 

The main result of this paper is the following theorem: 

Theorem 2. (Syntactic Semigroup and Atoms) Maximal syntactic com- 
plexity of a regular language implies maximal quotient complexities of its atoms. 

The converse of Theorem [2] is not true. The language L recognized by the 
minimal DFA of Fig. [2] meets all the quotient complexity bounds for the 8 atoms, 
but has only 24 transformations, while the maximal number is 27. There are 
many ternary examples for higher numbers of states. 



Fig. 2. The DFA of a language with maximal quotient complexities of atoms, 
but not maximal syntactic complexity. 

The following result was proved in [3]: 

Theorem 3 (Atoms and Reversal) . Maximal quotient complexities of atoms 
of a regular language imply maximal quotient complexity of its reversal. 
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In fact, it was shown in [3] that if a language L has 2" atoms, this alone implies 
that has 2" quotients and vice versa. The converse of Theorem [3] does not 
hold, however. For example, the language of Fig. [1] for n = 4 (respectively, 
n = 5, 6, 7) has maximal quotient complexity of atoms of 25 (respectively, 99, 
298,1053) instead of 43 (respectively, 141, 501, 1548). 

The remainder of the paper is devoted to the proof of Theorem [21 

2 Definitions 

2.1 Automata and Atomata 

A nondeterministic finite automaton (NFA) is a quintuple TV = (Q, U,r], I, F), 
where Q is a finite, non-empty set of states, 17 is a finite non-empty alphabet, 
r] : Q X U ^ 2^ is the transition function, / C Q is the set of initial states, 
and F C Q is the set of final states. For a in S, let 77^ : Q — > 2*^ be defined by 
Vail) = vilt^) for q & Q- For a £ S , x £ S* , and w = xa, define -qw '■ Q ^ 2^ 
inductively by r]w{q) = r]a{rix{q)). 

For any function / : X — > y, we extend / to subsets of the domain in the 
natural way by letting f{S) = |J f{s) for S QX. Note that /(0) = for aU /. 

The language accepted by an NFA J\f is L{N) ^ {w £ S* \ t]{I, w)nF ^ 0}. 
Two NFA's are equivalent if they accept the same language. The right language 
of a state q is Lq^p{M) = {w £ S* \ ri{q,w) n F ^ 0}. The right language of a 
set S of states of TV is Ls,f{.J^) = U^es so L(TV) = Li^p{M). A state 

is empty if its right language is empty. An NFA is minimal if it has the minimal 
number of states among all the equivalent NFA's. 

A deterministic finite automaton (DFA) is a quintuple V — {Q, IJ,6,qo, F), 
where Q, U, and F are as in an NFA, 5 : Q x S ^ Q is the transition function, 
and qo is the initial state. 

For an NFA TV (or DFA V), let TV^ (or 2?*) denote the resuh of performing 
the reversal operation which interchanges the final and initial states, and reverses 
all the transitions. Let rf- (or S^) denote the transition function of TV"^ (or X''*). 

Let Af^ denote the result of performing the determinization operation which 
is the well-known subset construction. Unreachable subsets are not included in 
the determinization, but the empty state, if present, is included. Let rp denote 
the transition function of . 

Let L be a regular language and let V = [Q, S, 6, qo, F) be the minimal DFA 
for L. There is a well-known one-to-one correspondence between the states of 
V and the quotients of the language. For q € Q, let Kg be the quotient that 
corresponds to q. The DFA in which the states correspond to quotients of L is 
called the quotient DFA of L. 

For S C Q , let As denote the following intersection of uncomplemented and 
complemented quotients: 
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An atom |3l4j of L is such an intersection ^5, provided it is not empty. If the 
intersection with all quotients complemented is non-empty, then it constitutes 
the negative atom; all the other atoms are positive. Let the number of atoms 
be m, and let the number of positive atoms be p. Thus, if the negative atom is 
present, p = m — 1; otherwise, p ~ m. Let A ~ {Aq, . . . , A,„_i} be the set of 
atoms of L. The only atom containing e is the one in which all the atoms con- 
taining e arc uncomplemented and all the remaining atoms are complemented. 
This atom is called final, and is Ap_i by convention. The negative atom is not 
reachable from / and can never be final if L is non-empty, since there must be 
at least one final quotient in its intersection. Atoms containing L, rather than L 
in their intersection of quotients are called initial. 

We use the one-to-one correspondence between atoms Ai and atom symbols 
Ai. Let A ~ {Ao, . . . , Am_i} be the set of atom symbols. 

Definition 1. The atomaton of L is the NFA A = (A, S, rj, A/, {Ap_i}), where 
A is the set of atom symbols, Aj corresponds to the set of initial atoms, Ap_i 
corresponds to the final atom, and Aj G ?/(Ai, a) if and only if aAj C Ai, for all 
Aj, Aj G a and a e Z". 

In the atomaton, the right language of any state A^ is the atom Ai Also, all 
the positive atoms are reachable, but the negative atom is not. 

It was shown in [3|4| that is a minimal DFA that accepts L^, and that 
A^'' is isomorphic to 2?™. The following makes this isomorphism precise [4]: 

Theorem 4 (Atomaton Isomorphism). Let L be a regular language and let 
K be its set of quotients. Let ip : A 2^ be the mapping assigning to state Aj, 

corresponding to atom Aj ~ {Clies ^'^i) ^ {f^j€Q\S of A^, the set S. Then 
(fi is a DFA isomorphism between and . 

Corollary 1. The mapping ip is an NFA isomorphism between A and X'™'*. 
2.2 Transformations 

A transformation of a set Q is a mapping of Q into itself. We consider only 
transformations t of a finite set Q. For a transformation t of Q and a subset S 
of Q, let t-^{S) = {q e Q \ 3i e S such that t{q) = i}. We say t^^iS) is the 
preimage of S under t: the maximal set of elements of Q that is mapped onto 
S by t. When discussing preimages of singletons such as t~^{{i}), we generally 
drop the braces and write t~^{i). If P C Q is in the set preimi = {P \ 3S C 
Q such that P = t~^{S)}, then we say P is a preimage of t (as opposed to calling 
it the preimage of some S). The set preimt is the set of all preimages of t. 

The image of t is imt ^ {q ^ Q \ 3p E Q such that t{p) = q}; this is the 
subset of Q that t maps onto. The coimage of t is coimt = Q \ imt; this is the 
set of elements of Q that are not mapped onto imt. For P Q Q, the set t{P) 
obtained by applying t to each element of P is called the image of P under t. 

A transformation t is a cycle of length k, where fc > 2, if there exist pairwise 
different elements ii,...,ik such that t(ii) — 12,^(12) — is, ■ ■ ■ ,t{ik-i) — ik, 
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and t{ik) ~ ii, and the remaining elements are mapped to themselves. A cycle is 
denoted by (ii, 12, . . . , ik)- For i < j, a transposition is the cycle (i, j). A singular 
transformation, denoted by Q), has t{i) ~ j and t{h) ~ h for all h ^ i. A constant 

transformation, denoted by (*^), has t{i) ~ j for all i. 



2.3 Super- Algebras 

For a set Q and subsets V,U of Q, {V)^ is the set of all subsets of U that 
contain V. (We do not require in the definition that V C U, but if this is not 
true then {V)jj = 0.) This set {V)u is a super-algebra over Q; in particular, 
it is the super-algebra of U generated by V. The set V is called the generator 
of the super-algebra and U is its domain. If V C U, then the type of {V)jj is 
the ordered pair (|V|,|f/|); if F ^ f7, then the type of {V)^j = is (-1,-1). 
Super-algebras are sets of sets, but we often refer to them as collections of sets 
to reduce confusion. 

Example 1. If Q = {0, . . . , 6} as before, then {V)jj = ({l; 2, 3}}^^ 2 3 4 5} ^ 
super-algebra over Q, where 

{V)^ = {{1, 2, 3}, {1, 2, 3, 4}, {1, 2, 3, 5}, {1, 2, 3, 4, 5}}. 

The generator of this super-algebra is = {1,2,3} and the domain is [/ = 
{1, 2, 3, 4, 5}. The type of this super-algebra is (3, 5). 

Note that the super-algebra (0)0 = {0} is the collection consisting of the 
empty set, since C 0. The only empty super-algebras are those with V U . 
For example, ({0, 2, 4})|-^ 2 3} = 0j since there are no subsets of the domain that 
contain the generator. The type of this super-algebra is (—1, —1). ■ 



3 Proof of the Main Result 



To establish Theorem [21 we will need several intermediate results. In the sequel 
we represent the states of the atomaton of a regular language L by sets of 
quotients of i, that is, by sets of states of the minimal DFA T) recognizing L, as 
allowed by Theorem 21 

3.1 Transition Function of the Atomaton 

Lemma 1. Let L C S* be a regular language with quotient complexity n and 
syntactic complexity 71". Let V be a quotient DFA for L with state set Q and 
transition function 6. Let A be the atomaton of L with transition function rj. 

1. Let a E S and S Q Q. Then the transition function rj of A satisfies: 

Va{S) = l^^''^^^^SaiS)Ucoim6a, ^ ^ prcimJ,," 
I 0, otherwise. 
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2. Let he a super-algebra over Q and let a ^ U be a letter. If every set in 
{V)jj is a preimage of 5a, then the transition function rj of A satisfies: 

Va{{V),j) = ('^a(1^))^^([/)ucoimJ,. 

3. Let {V)jj be a super-algebra over Q and let w G S* be a word. If 6^ is a 
permutation, then the transition function rj of A satisfies: 

For ([1]), note that is not a state in A. The function rja sends a subset of 
Q to a cohection of subsets of Q. If ria{S) = 0, this means that there are no 
transitions from state S on letter a, and thus S is sent to the empty collection 
of subsets of Q. This distinction is not important in this paper, but can cause 
confusion when using the lemma in other contexts. 

Proof. ([1]): In T>^, the letter a performs the function : Q 2'^ which maps 
each state i to its preimage S~^{i). Furthermore, by Theorem [TJ every subset of 
Q is reachable in since L has maximal syntactic complexity. So the set of 
states of I?™ is 2'^ , and the empty set of states of 2? is a state of D™. Thus in 
D™, the letter a performs the function 5™ : 2*3 -> 2'^, defined as follows: 

In V™, a performs the function S™ : 2^ ^ 22". This function maps a 
subset 5* of Q to its preimage under (5™, that is, to the collection of sets each of 
which maps to S under J™. Since 2?™* is isomorphic to A, S^^^ is equivalent 
to ?y. We now show this function satisfies the statement from the lemma. 

Notice that if 5* preimJa, then S cannot be an output of (5™. It follows 
that 6™{S) = 0, since the collection of sets that map to S under 5™ is empty. 

Conversely, suppose S € preimJo. Then clearly S is the preimage of 5a{S) 
under 6a- It follows that 5™ (5a (5')) = S, and thus Sa{S) is in the collection of 
sets produced by S™{S) = rjaiS). 

Consider which other sets map to S under (5™. Notice no strict subset of 
da(S) maps to S; if S is the preimage of Sa{T) C Sa{S) under Sa this means 
Sa^{Sa{T)) = S, and applying Sa to both sides gives 5a{T) = 6a{S). A strict 
superset of Sa{S), say Sa{S) U T, maps to S only if S~^{T) C S, since we have 

SnSaiS) U T) 6-'iSaiS) U T) = S-^SaiS)) U 6-\T) = SU 6-\T). 

Suppose 6a^{T) is non-empty. Since S^^iT) C S, we have T C 5a{S). Thus if 
6a{S) U T is a strict superset of Sa{S), then Sa'^{T) must be empty. Therefore 
T must be a subset of coimSa, since coim 6a contains all the elements of Q with 
empty preimages under Ja- 
in fact, for ah T C coim 5a we have Sf^{Sa{S)UT) = S. This means that the 
collection of sets produced by (5a™(S') (and thus r]a{S)) is the set of all supersets 
of Sa{S) which are subsets of Sa{S) U coim 5a- Thus, as required, we have: 



7 



(HI : We proceed by induction on the number of sets in the super-algebra. If 
there are no sets, that is, if {V)jj ~ 0, then ria{{V)jj) ~ rjai^) = as required. If 
there is only one set, say {V)u = {S)g = S, then the proof of the previous part 
shows the statement is true. 

Suppose that the statement holds if | {V)^ \ < k. We must show it also holds 
if I (V)^ \ = k.lfV DU then (V)jj = 0, and if V ^ U then | (F)^ | = 1. These 
are the base cases, so we can assume that V C U. 

li V C U, then we have some u E U such that u <^ V . Notice that we can 
write {V)u as (y U {?/})yU(l/)y\^„j. Also, we have 77a((l^ U {u})yU(y)y\^„j) = 
T^a{{V U {m})^) U ?7a((V^)[;\{„})- K foUows that: 

These two super-algebras have strictly fewer sets than {V)^; so by the induction 
hypothesis we have: 

rj^iiV U {u}}^) = {6,iV U M))s^(u) U coim<5„, and 

^a((V")[/\{„}) = iSa{V))^^^^u \ 1^}) u coimSa. 

Notice that U and U \ {u} are both in {V)jj, and thus are preimages of 6a- Since 
preimages are maximal, distinct preimages map to distinct sets under da- Thus 
^a{U\{u}) ^ Sa{U)- It follows that Sa{u) Sa{U\{u}), siuce otherwise the two 
sets would be equal. Furthermore, Sa{u) is the only element which is present in 
6aiU) but not present in SaiU \ {u}). Thus SaiU \ {u}) = Sa{U) \ {Sa{u)}. It 
follows that: 

'?a((^)c/\w) (^'^(^'^haiU) \ {Saiu)} U C0im,5a. 

Furthermore, noting that Sa{V U {u}) ~ Sa{V) U {6a{u)}, we have: 
ilaiiV U {u})^) = {Sa{V) U {Sa{u)})s^^u) U coimj,. 
Thus, as required, the union of these two super-algebras is: 

U VaiiV U {u})^) ^ {Sa{V))s^^u) U coim<5,. 

(I3|): We proceed by induction on the length of w- Every subset of Q is a 
preimage of S^,, since is a permutation. Also, coiuiSw = 0. Thus the base case 
is covered by the proof of the previous part. 

Now suppose w = aia2 ■ • ■ a,k and the lemma holds for words of length less 
than k. Let w' = 0102 • • ■ au-i- By the inductive hypothesis, we have 

Notice that 5^ ~ Sa^. o S^'^ and similarly rj^ = fja^ o rj^'- Furthermore, Sa^. must 
be a permutation (or else 5^ would not be a permutation). Thus we have: 

= is^My)))5aAs^-m-(s^^(y))6uu) 

This proves that the statement holds for k and thus for all natural numbers. □ 



8 



Example 2. Consider the DFA V with Q = {0,1,2}, S = {a,fe,c,d}, qo = 0, 
F = {2}, and transition function S defined by Sa = (0, 1), Sb = (1, 2), Sc = (g), 
and 5d = (^). The language L = L{T>) has syntactic complexity n" ~ S'^ = 27. 

The transition functions of V, V^, and A = V™ are shown in Ta- 
bles [T] to SI For conciseness, we represent sets like {0,1,2} and {0,2} by 012 
and 02, respectively, and collections of sets like {{0},{0,1},{0,2},{0,1,2}}, by 
0, 01, 02, 012. We use ^ to denote the "empty set state" that arises when perform- 
ing determinization (that is, the state in N"^ which corresponds to the empty 
subset of states of A/") and to denote the actual empty set. 



Table 1. DFA V. 
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Table 2. NFA X>" 
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Table 3. 



Table 4. A ^ 
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012 
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12 
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012 


012 


012 


01,012 


1,01,12,012 



One can check that the definition of the transition function 77 = J*™ of 
the atomaton matches that of Part [1] of the lemma. For example, we have 
r,4{0, 1, 2}) = {{1}, {0, 1}, {1, 2}, {0, 1, 2}} = ({l}){o,i,2}- The generator of this 
super-algebra is {1} = (5d({0, 1, 2}). Since coimSd = {0,2}, the domain of this 
super-algebra is Sd{{0, 1, 2}) U coim^d = {1} U {0, 2} = {0, 1, 2}. 

Notice that {0, 1, 2} is a preimage of Sd (in particular, (5^^(1) = {0, 1, 2}) so 
ryd({0, 1, 2}) is not the empty set. The only other preimage of Sd is ^, and we 
have 'r]d{{<P}) = (^){o.2} required. For aU other subsets S of {0, 1,2}, we see 
that S is not a preimage of 5d and r]d{S) = as required. ■ 
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3.2 Strong Connectedness and Reachability 

The next lemma uses the following result of Denes [7] : 

Theorem 5 (Denes 1968). Suppose Sn, the symmetric group of degree n, is 
generated by transformations a and f3. The semigroup of all transformations is 
generated by transformations a, /? and 7 if and only if \ im"/\ ~ n — I. 

Lemma 2. Let L C S* be a regular language with quotient complexity n and 
syntactic complexity n" . Let D be the minimal DFA of L with transition function 
5 and state set Q. Then there exists a £ S and w G S* such that Sa ~ a o S^, 
where a is a singular transformation and is a permutation. 

Proof. By Thcorcm[Sl any set of generators for the set of all transformations of Q 
must contain a transformation with an image of size n — 1. Since L has syntactic 
complexity ri", the set {5a \ a 6 S} generates the set of all transformations of 
Q. Thus we must have some a € S such that | im(5a| = n — 1. 

Suppose imJo = {qi, 92, • • • , Qn-i} and coim Sa = {qn}- Since | im(5a| = 71— 1, 
there exists a subset P = {pi,p2, • • • of Q such that 5a{pi) ^ Sa{pj) for 

all i,j. Suppose without loss of generality that Saipi) = qi- 

In Q\P there is precisely one state, say p„. Since p„ ^ P, we have Sa{pn) = 
da (pj ) = qj for exactly one pj E P. 

Recall that any transformation of Q can be performed by some w G U*. Pick 
w such that 6^ '■ Q ^ Q satisfies S^iPi) = qi for all pi € P and Swipn) = <ln- No- 
tice that 5w is a permutation. Now let a ; Q — > Q be the singular transformation 
(9")- Then a{8^{pi)) = a{q,) = q.^ for aU p, G P, and a{5.uj{Pn)) "(9,1) Qj- 
Thus a o Sio = Sa as required. □ 

To show that each atom has maximal quotient complexity if the associated 
language has maximal syntactic complexity, we need to calculate the quotient 
complexities of atoms. We follow the approach of [3]. Let L C S* he a regular 
language, let V be the minimal DFA for L with state set Q, and let A be the 
atomaton of L. For 5' C Q, we derive J\!g (the quotient DFA of the atom As) 
by making S the starting state of A, and then determinizing. The states of A^ 
are super-algebras over Q that are non-empty (that is, if {V)^ is a state, then 
V C U). To determine the quotient complexity of an atom A5, we count the 
number of super- algebras which are reachable from the initial state {S)g in A^. 

Lemma 3. Suppose that L has quotient complexity n and .syntactic complexity 
n" . Consider 5 C Q and A^, the quotient DFA of the atom As. 

1. All states of which are super- algebras of the same type are strongly con- 
nected. 

2. From a state in which is a super-algebra of type {v,u), if v > 2 we can 
reach a state which is a super-algebra of type (v — 1, u) and if u < n — 2 we 
can reach a state which is a super-algebra of type (u, u + 1). 
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Proof. Il]): Since L has syntactic complexity n", every permutation of Q can be 
performed by a word in S* . Let (V^i)y^ and {V2)ij,^ be states of of the same 
type. We can assume that Vi C Ui and V2 C 1/2- Now consider u; G and 
suppose (5u, : Q — > Q is a permutation that sends Vi to V2 and J7i to U2; such a 
permutation exists if Vi C J7i and V2 C [/2- By Part [3] of Lemma (TJ we have: 

Thus any two super-algebras of the same type in are connected by a word 
in U*. 

By Lemma [21 there exists a single letter a <E X! and a word w G 17* such 
that Sa performs a transformation a o (5t„ , where a is a singular transformation 
and Su, is a permutation. Suppose a — for k,£ G Q. 

Note that a subset 5 of Q is a preimage of a only if {fc, £} C 5 or {fc, £}nS = 0. 
Since Sa = aoSyj, it follows that S* is a preimage of (5a only if {S~^ {k) , {£)} C S 
or {5~^(A;), n S* = 0. Also note that since 6a = a o 6^ and coim5^ = 0, 
we have coimJ^ — coima = {k}. 

Let {V)jj be a super-algebra of type with w > 2. By Part [T] of this 

lemma, from {V)jj we can reach a super-algebra {V')^, of type (w, u) such that 
{fc,-^} C V\ and thus fc and i are in every set of {V')jj, Since L has syntactic 
complexity n", there exists x € U* such that Jj; = 6^^. By Part [3] of Lemma [1] 
we can apply r]x to {V')^, to obtain {Sw^{y))g-^(^^,•j Every set in this super- 
algebra is a preimage of 5a since every set contains both S~^{k) and 6~^{£). 

By Lemma H Part H Va{{S:^^{V')) ^-i^^j,^) is (a(T^'))a(c/')u{fc} (since Sa = 
aoSw, Sw cancels its inverse). Since {k, £} CV' C U' , we have a{V') = V'\ {k} 
and a{U') U {k} = U' \ {k} U {k} = U' . Thus the resulting super-algebra is 
{V \ {k})jj,, which has type {v — as required. 

In a similar fashion, suppose we have (V)jj of type {v, u) such that u < n — 2. 
We can reach {V')jj, such that {k,i} fl [/' = 0. We can then apply rjx to get 
{5^^{V'))g-i^jj,y As before, each set in this super-algebra is a preimage of Sa 

since for all sets S in the super-algebra we have {6~'^{k), 6~'^{£)} fl 5 = 0. Thus 
by Part H of Lemma [H we can apply 77^ to get (a(^'))a(c/')u{fe} = (^')u'u{k}. 
This has type (w, u -I- 1) as required. □ 

3.3 Proof of Main Theorem 

Our main theorem, restated below, now follows easily: 

Theorem 2. (Syntactic Semigroup and Atoms) Maximal syntactic com- 
plexity of a regular language implies maximal quotient complexities of its atoms. 

Proof. Since L has syntactic complexity n" , Lcmma|3]holds for quotient DFAs of 
atoms of L. It was shown in 0] that these strong-connectedness and reachability 
results suffice to establish that each atom has maximal quotient complexity. □ 



11 



4 Conclusions 



Maximal quotient complexity of atoms defines a new complexity class of regu- 
lar languages. We have related this new measure to syntactic complexity and 
quotient complexity of reversal. Such relations are important, since they often 
make it possible to avoid proofs of complexity results implied by other known 
complexity results. We believe that this subject deserves further study. 
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